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2.0 INTRODUCTION 
 
 
    The demands on a modern engine system are increasing rapidly. 
High performance engines, low fuel consumption, low noise and 
vibration are several factors that a customer demands 
simultaneously.  These demands pressurise engineers to upgrade 
engine designs and require optimisation of engine components.  
Since the crankshaft is one of the key components in the engine 
system, identification of dynamic behaviour plays an important 
role in the design.  Thus, an accurate prediction for the dynamic 
characteristics of the system using finite element method is 
essential for modern equipment. 
    The crankshaft, supported by the crankcase bearing, receives the 
combustion gas force and gas torque force exerted from the pistons 
through the connecting rod in each cycle.  These gas forces are due 
to the gas from the exploding fuel air mixture impinging on top of 
the piston surface while the gas torque is due to the gas force 
acting at the moment arm about the crankshaft center.  Generally, 
the latter forces are higher and act cyclically. 
    Therefore, one must study the behaviour and characteristics and, 
finally, identify the dominant forces in each frequency domain, 
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whereby the equations of motion of the system are expressed in 
terms of frequency and integrated in the frequency domain to 
obtain the frequency response.  The advantage of this method is the 
high frequency components of the systems can be eliminated and 
the computation can be reduced.  Also, interpretation of the results 
is simpler than the ‘time history’ solution.  For nonlinear 
equations, a sinusoidal random input describing function approach 
could be used.  
    Previous crankshaft analyses were based on modal analyses and 
experiments [1][2][3] and were not given a detailed explanation. 
There is a need to contrast more especially the involvement with 
the operating stage.  Consideration of the load history in time 
domain [4] under the running conditions is obviously important but 
the high frequency components of the system cannot be eliminated 
since the range of time domain is not limited.  The analysis using 
rotating coordinate system [5] under operating conditions, 
investigated at the initial firing, with consideration of several cases 
dealing with the pulley and flywheel, may be obtained by 
instructive knowledge about the behaviour. But, in this chapter the 
bending by dynamic behaviour modes, affected mainly at the 
bearing journal, is preferable since journal bearings are the most 
sensitive section to be considered since they receive a repetitive 
load history. 
    As new engines are continuously researched and developed, a 
design process is required from the beginning of the engine design 
stages, and engine designers need to know the precise vibration 
behaviour of the crankshaft system.  For these needs, a simple 
modelling method and computation approach for the crankshaft 
system [6] has been reported. The modelling and analyses of 
crankshaft vibrations in the frequency domain including the effects 
of the rotation of the crankshaft under operating conditions are 
given in reference [5]. 
    This chapter describes a new method of analysis of the dynamic 
behaviour of the crankshaft vibrations in the frequency domain 
based on initial firing stage where the force is given at the first 
crankpin. The new method includes the effect of Root Mean 
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Square (RMS) value for the calculated energy at each bearing 
journal under the firing conditions.  There are three main 
objectives of this chapter. Firstly, to verify the highest load case 
under the firing stage. Secondly, to identify the response at journal 
bearing location using RMS value, and finally, to estimate the 
transferable energy corresponding to the modifying counter 
weight.  The modifications of counter weights are based on an 
assumed shape where the RMS value has been investigated during 
modal analysis diagnostics. 
 
 
2.1 Modelling of the crankshaft 
 
 
    A crankshaft system is one of the most complex structure 
systems.  Therefore, the crankshaft system used in this chapter is 
being simplified as much as possible without violating the 
originality of the system towards vibration analysis.  In the case of 
modal analysis, the crankshaft was idealised by a set of jointed 
structures consisting of round and blocks of rectangular beam 
cross-sections. In order to simplify the analysis, pin and arm parts 
are assumed to have uniform section.  In the case of total engine, 
the flywheel, bearing journals, and pulley are taken into account.  
Details of the modelling method can be summarised as follows;  
Since the flywheel is relatively thin, the flywheel is idealised by 
triangular plate elements.  However, the original mass and the 
moment of inertia of the flywheel is preserved in the x, y and z 
directions since the flywheel has sufficient rigidity in these 
directions.  The reciprocating masses consist of the masses of the 
pistons and the mass of the small end in the connecting rod are 
attached at the crankpin end.  The crank journal bearings are 
idealised by three set of linear springs and dashpots in the y and z 
directions.  The front pulley and the crank gear are idealised by a 
set of lumped masses and moment inertia attached at their centers 
of gravity.  The engine block is idealised by a rigid body supported 
with linear springs in x, y and z directions to the ground. The 
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stiffness is used from the data given in the previous report by 
Khang [7].  The idealised crankshaft model is shown in Figure 2.1 
and the idealised engine model is shown in Figure 2.2 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2.1 Idealised model of the crankshaft 
 
 
 
 
 
 
 
 
            
 
 
 
 
 
Figure 2.2 Idealised model of the crankshaft with the engine 
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1.2.1 THEORY 
 
 
2.1.1 Equation of Motion 
 
 
The crankshaft system may be presented by a sum of the n 
dividable finite elements.  Figure 2.3 shows the node points of an 
element e. Each node point has six degrees of freedom which 
consist of three linear displacements zyx w,v,υ  and three rotational 
displacements zyx ,, θθθ , and can be presented by 
 
{ } { }
          
,,,,,,,,,,, 222222111111 zyxzyxzxxyyx wvwv θθθυθθθυ=eu (1) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2.3 Degree of freedom of the finite element 
 
 
 
 
 
1yθ  
1yv  
1xθ  
1xu  
1zω  
1zθ  
2zθ  
2yv  
2xυ  
2xθ  
2zθ  
2zω  
X 
Y 
Z 
e 
 23  Advances in Mechanical, Manufacturing and Materials Engineering 
 
The kinetic energy for n degrees of freedom system can be 
expressed as  
 
{ } { }∫= dvKE e ρuu T &&21           (2) 
 
 
where; 
ρ - density (mass per unit volume) 
{ }u& - velocity vector 
     
    In the finite element, the system is divided into elements and 
each element of the displacement vector { }u  is expressed in terms 
of the nodal displacements{ }q , using shape the function N. 
However, in dynamic analysis, the elements { }q  are dependent on 
time, while N represents the shape function defined on a master 
element where the velocity vector is the given by 
 { } { }qNu && =            (3)  
 
    Substituting equation (3) into equation (2), the kinetic energy in 
element e is 
 
{ } [ ]{ }qNNq TT && ∫= ee dvKE ρ21            (4) 
 
where the bracketed term denotes the element mass matrix 
 
∫= e dvNNm Te ρ              (5) 
 
Thus, the element kinetic energy can be written as 
 
{ } { }qmq eTe &&2
1=eKE               (6) 
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The strain energy term is considered when obtaining the 
stiffness matrix. The strain energy for an element is 
 
{ }∫= e Te AdxU εσ21                     (7) 
 
for { }qBE=σ  and { }qB=ε , where 
  
σ - stress in terms of nodal value 
ε - strain in terms of nodal value 
B - element strain-displacement matrix 
E - Young’s modulus 
 
Thus 
 
{ } [ ] [ ]{ }
{ } [ ] [ ][ ]{ }qBB
qBBq
T
TT
∫
∫
=
=
e
T
e
AdxEq
AdxEU
2
1
2
1
            (8) 
 
The bracketed term shows the stiffness element 
 
[ ] [ ]∫= e AdxE BBk Te              (9) 
 
Thus, the potential energy, PE of elastic system in finite element 
method can be expressed as  
 
{ } { } { } { }eTeeeTe fqqkq −= 2
1PE                    (10) 
 
Using the Lagrangian, PEKEL −= , the equations of motion are 
obtained without consideration of damping as  
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{ } { } { }eeeee fqkqm =+&&                     (11) 
 
If a damping is considered, the equations of motion in equation 
(11) can be rewritten as 
 { } { } { } { }eeeeee fqkqcqm =++ &&&                       (12) 
  
2.1.2  Background of a Single Crankshaft 
 
 
This section serves as a general background in understanding the 
generation of shaking vibration in a reciprocating machine.  Figure 
2.4 shows a free body diagram of a single crank mechanism.  Fg is 
the gas force vector acting on the piston center, where the 
magnitude is Fg=πD2Pg/4, where Pg is gas pressure and D is the 
bore cylinder.  Fa is the horizontal reactive gas force of the piston 
on the cylinder wall and the distance x, which is the instantaneous 
moment arm of O. The force trying to rock the ground plane is 
called the reaction gas torque, Fsy and Fsz which are the primary 
components of inertia force in y and z direction respectively.  Since 
the forces are nonlinear, a sinusoidal random input describing 
function approach is being used [8]. 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2.4 Single crank mechanisms 
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2.1.3  Modal Frequency Response 
 
 
    The equation of motion for a total system with harmonic 
excitation may be determined as  
 [ ]{ } [ ]{ } [ ]{ } ( ){ }tFqKqCqM =++ &&&                                (13) 
 
where [ ] [ ] [ ]KCM  and ,  are the mass, damping and stiffness matrices 
respectively, and ( ){ }tF is the force. For harmonic excitations 
expressed in terms of frequencies, ( ){ } ( ){ }tie ωωftF =  and for 
harmonic motion, a harmonic solution in terms of modal 
coordinate ( ){ }ωξ  is assumed 
 
{ } [ ] ( ){ }tie ωωξφq =                        (14) 
 
[ ] [ ][ ] [ ] [ ][ ] [ ] [ ][ ][ ] ( ){ } [ ] ( ){ }ωfPωxPKPPCPPMP TTTT =++− ωω i  
(15) 
 
where 
 
[ ] [ ][ ]
[ ] [ ][ ]
[ ] [ ][ ]
[ ] { }  vectorforce modal
matrix damping dgeneralize
matrixstiffnessdgeneralize
matrixmassdgeneralize
−
−
−
−
fφ
PCP
PKP
PMP
T
T
T
T
 
 
For the case of modal damping, each mode has damping ic  where 
iiii mc ξω2= .  The equations remain uncoupled and represented in 
the form below for each mode. 
 
( ) ( ) ( )ωωωωω iiiii fxcxm =+− i2                   (16) 
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Each of the modal responses is computed using 
 
( ) ( )
iii
i
i kicm
f
x ++−= ωω
ωω 2                       (17) 
 
where ( )ωiiiii fxkcm  and ,,,  are the ith mode modal mass, 
damping, stiffness, displacement and force. 
 
 
2.1.4 Modal Assurance Criterion (MAC) 
     
 
    One of the developed techniques for quantifying the comparison 
between measured and predicted data mode shape is called MAC. 
MAC has been introduced as a measure of consistency and there is 
similarity between these two elements of two vectors. MAC is 
calculated in terms of a scalar quantity in the following equation; 
 
         
                                                    (18) 
 
 
where the superscript T denotes the transpose and * denotes the 
complex conjugate. The data values Ør and Øq are the rth and qth 
columns of the real modal matrix ψ using the cross-product matrix 
which is 
 
Ω= ØT Ø 
 
Thus, the MAC can be written as 
 
         
                                                   (19) 
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The MAC value is expected to be close to 1.0 if the experimental 
and the theoretical mode shapes used are in fact from the same 
mode. Generally, it was found that the boundaries for acceptable 
(well correlated mode) and non correlation are quoted as above 80 
per cent or less than 20 per cent, respectively. 
 
 
2.1.5 Root Mean Square (RMS) And Power Spectral Density 
Function 
 
 
In order to identify the energy transferred by an excited load case 
and to predict the energy distributions on the bearing journal, RMS 
values are calculated and the instructive knowledgeable results are 
obtained for the behaviours of the system. 
 
 
2.1.6 Root Mean Square 
 
 
The RMS value for a signal f(t) is defined as a square root of the 
mean value of quantity f(t) at a proper average time T. The RMS 
value is given by 
 
( )∫−∞→= 2/ 2/ 21lim TTs dttfTTψ                             (20) 
 
sψ -  signal directly related to energy. 
 
 
2.1.6.1 Power Spectral Density Function 
 
Auto-correlation function fR offers information related to the 
characteristics of random variables in the time domain.  The power 
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density function fS  offers similar information in the frequency 
domain. 
( ) ( )
( )∫
∫
∞
∞−
−
=
+∞→=
ωωπ
ττ
ωτ deS
dttf)t(f
TT
lim
R
t
f
/T
/Tf
2
1
1 2
2
             (21) 
At the time domain, in the case of 0=τ ; 
 
( ) ( )
( )∫
∫
∞
∞−
−
=
=∞→=
ωωπ
ψ
dS
dttf
TT
lim
R
f
s
/T
/Tf
2
1
10 2
2
2
2
                          (22) 
 
It was clear that, the area under the frequency response curve in the 
frequency domain is equal to the RMS value at the time domain. 
 
 
2.2.1 EXPERIMENT 
 
 
    For the experiment, the crankshaft was divided into 30 points, 
while impact hammer was in place, and the response of 
acceleration was measured.  The crankshaft was supported on an  
approximately 90-mm thick sponge in order to allow it to be in a 
free-free end condition states for modal testing. Exciting the 
crankshaft with an impact hammer (5800A4 Dytran) at one point 
and measuring the responses at all 30 measuring points using an 
accelerometer (3100B Dytran), allowed the transfer function of the 
crankshaft to be obtained by means of an FFT(fast Fourier 
analyser(SA-390).  Figure 2.5 shows the experimental set-up and 
the measurement system. 
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Figure 2.5 Experimental set-up and measurement system 
 
 
2.2.2 RESULTS  
 
 
2.2.3 Verification Frequency Response, Natural Frequencies, 
Mode Shapes and MAC Properties 
 
 
    By exciting the crankshaft with an impact hammer at one impact 
point and measuring the responses at all of the points, the transfer 
function of the crankshaft is obtained by means of the FFT 
analyser and some signal processing.  Two spectra cases of 
frequency responses from this crankshaft for experiment and 
simulation are shown in the Figures 2.6 (a) and (b).  Figure 2.6(a) 
is a response in the in-plane case and the Figure 2.6 (b) is the out-
plane case.  From the spectra, the natural frequencies of the first 10 
modes under 2000 Hz occur for four in-plane modes at 312.8 Hz, 
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725.5 Hz, 1007.1 Hz and 1615.4 Hz and six out-plane at 364.3 Hz, 
824.4 Hz, 1133.5 Hz, 1362.7 Hz, 1814.1 Hz, and 1981.3 Hz, and 
correspond to each of the peaks shown in Figure 2.6(a) and (b) 
respectively. In order to verify these results, theoretical modelling 
was performed and the results were compared.  Table 1 shows a 
comparison of the natural frequencies between theoretical and 
experimental results.  The percentages of relative errors are very 
small except for mode 2 (first out-plane mode). This is because of 
the rigidity of the crankshaft itself and the complexity of the 
structure, especially at the overlap between the journal and the pin 
crank, which provides a thickness at the overlap section that 
influences the natural frequency. However, the mode can still be 
categorized into their prevailing vibration, which is a bending 
vibration. Figures 2.7 (a) and (b) show the mode shape comparison 
between experiments and computer simulation for both in-plane 
and out-plane modes. 
 
 
Table 1.1 Comparison of natural frequency between experiment and 
computer simulation 
 
 
Mode No simulation (Hz) Experiment (Hz) MAC value 
(1,1) 312.8 335 0.931 
(2,2) 364.3 460 0.981 
(3,3) 725.5 750 0.881 
(4,4) 824.4 805 0.902 
(5,5) 1007.1 1080 0.811 
(6,6) 1133.5 1215 0.868 
(7,7) 1362.7 1415 0.833 
(8,8) 1615.4 1610 0.879 
(9,9) 1814.1 1865 0.868 
(10,10) 1981.3 1970 0.811 
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Figure 2.6 Graphical presentations of MAC properties 
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i. Experiment 
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ii. simulation 
(b) 
 
Figure 2.7 Comparison of frequency response between experimental and 
computer simulations for (a ) the in-plane frequency response (b) the out-
plane frequency response 
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(b) 
 
Figure 2.8 Comparison of mode shapes between experimental and 
computer simulations for (a) the in-plane and (b) the out-plane mode 
 
 
2.2.4 Firing Load Cases Response 
 
 
After the modelling had been verified, the crankshaft was idealised 
with applicable engine model systems.  The forces acting on the 
firing condition were investigated and the characteristics of the 
responses identifying the load cases 3 and 1 and load cases 3 and 2 
were compared and measured.  Table 2 gives the description of the 
load case; three types of load case were considered.  
 Firstly, the force acting on the firing condition was investigated.  
Normally, the forces are expanded into a series of harmonic force 
components by Fourier analysis in time domain, but, since the 
forces are nonlinear, a sinusoidal random input function was used.  
Next, from Figures 2.8 (a) and (b), it can be seen that for load case 
3, in the vertical and lateral directions, the exciting response is 
Mode 2 (460 Hz)
Mode 4 (805 Hz)
Mode 6 (1215 Hz)
Mode 7 (1415 Hz)
Mode 2 (364.3 Hz)
Mode 4 (824.4 Hz)
Mode 6 (1133.5 Hz)
Mode 9 (1865 Hz)
i) Experiment ii) Computer simulation
Mode 7 (1362.7 Hz)
Mode 9 (1814.1 Hz)
Mode 10 (1970 Hz) Mode 10 (1981.3 Hz)
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comparably higher than for load case 1 in the vertical direction. 
Load case 3 also maintained a higher level response than load case 
2.  Therefore, to identify the average response excited at each 
bearing journal, only load case 3 was selected to be used for the 
next analysis. 
 
Table 1.2 Load cases 
 
 
 
 
 
 
 
 
2.2.4.1 RMS Value at the Bearing Journals 
 
Based on the above results, the average excited load response at 
the bearing journals was identified using the RMS values.  The 
RMS value is very simple and makes it easier to identify the 
average of energy transferred at a certain given load.  The highest 
RMS values provide the highest energy, but the disadvantage of 
this energy is that it can reduces the lubrication film thickness in 
the bearing journal and causes wear.  Figure 2.9 shows the level of 
RMS values for each bearing journal at the crankshaft.  The 
location of bearing journal 2 was identified as having the highest 
energy calculated using RMS value. The RMS value decreased 
linearly until the energy at bearing journal 5 was calculated.  The 
highest RMS value at bearing journal 2 occurred because of the 
effects of alternating energy donated by the flywheel located at the 
left-hand side which created a bending mode shape.  
 
 
 
 
 
Type Description 
Load case 1 vertical direction 
Load case 2 lateral  direction 
Load case 3 vertical and lateral direction 
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(a) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b) 
Figure 2.9 Comparison of responses between (a) load cases 3 and 
1(exciting at the first crank pin) and (b) load cases 2 and 3 (exciting at 
the first crank pin) 
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2.2.4.2 Effects of the Counter Weight Modification 
 
 
The crankshaft could not be modified easily, and moreover the 
experimental approach with a new modification structure in the 
crankshaft would be very expensive to implement and time 
consuming.  To overcome this problem, a theoretical approach was 
used, which required considerably less time and cost to predict the 
behaviour of the crankshaft system faster and easier through the 
energy stored in the shaft system.  Ideally, the crankshaft counter 
weights are given a step by step modification in the same way as 
the additive stiffness process shown in Figure 2.10.  The responses 
due to this counter weights modification are measured at each step 
on bearing journal 2. The RMS values were calculated to identify 
the transferable energy and the lowest RMS value was used to 
provide the suitable shape for the crankshaft counter weights.  
Figure 2.11 shows the levels of RMS values for each case, with a 
modification for three repeatable counter weights. It was found that 
modification of the counter weight could give beneficial effects to 
the energy characteristics and transferable energy at a level of 
RMS value that decreased linearly. As a result, the shape of the 
optimum counter weights was found from the lowest RMS value. 
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Figure 2.10 Comparison of the RMS values at each bearing journal 
 
 
 
 
 
 
 
 
 
Figure 2.11 Counter weight modeling (1-original) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2.12 Comparison of the RMS value corresponding to the 
counter weight shape 
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2.3.1 CONCLUSION 
 
The crankshaft for an automotive internal combustion inline engine 
was investigated and the conclusion is drawn as follows: 
1. The in-plane and out-plane natural frequencies, mode shapes, 
frequency responses and MAC values are in good agreement 
with the experimental results.  Thus, the modelling of the 
crankshaft was verified. 
2. The characteristics of a load case were identified by using both 
vertical and lateral directions forces. It was verified that the 
vertical force gave a higher load. 
3.The RMS value was found to be a simple method in identifying 
the energy transfer in vibration which was dominantly excited at 
bearing journal 2. 
4. The modification to the counter weight produced lower RMS 
values and it was easy to reach an optimum design of crankshaft 
counter weights. 
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